Abstract. We numerically calculate Perelman's entropy for a variety of canonical metrics on CP 1 -bundles over products of Fano Kähler-Einstein manifolds. The metrics investigated are Einstein metrics, Kähler-Ricci solitons and quasi-Einstein metrics. The calculation of the entropy allows a rough picture of how the Ricci flow behaves on each of the manifolds in question.
1. Introduction 1.1. Background. The purpose of this article is to investigate the behaviour of the Ricci flow through the lens of Perelman's entropy, which he introduced in [12] . On manifolds that admit a variety of metrics which are fixed points of the flow (such metrics are called Ricci solitons) it is a very natural question to ask whether one can produce Ricci flows that flow between these geometries. Perelman introduced a functional on the space of Riemannian metrics (the ν-functional) which is monotone increasing under Ricci flow and stationary only at a Ricci soliton. This allows one to 'order' the various geometries on a given manifold and in particular provides a crude notion of how the geometry of the manifold should evolve under a Ricci flow.
The manifolds we will investigate are known as equidistant hypersurface families. These are compact manifolds M n+1 that admit a smooth function t such that t(M ) = I for a closed interval I and t −1 (I) is diffeomorphic to I × P for a smooth n-dimensional manifold P . In the case considered in this article, the manifolds will be Fano varieties that contain principal circle bundles over the product of Fano Kähler-Einstein metrics as the hypersurfaces P . One notable member of this family is the one-point blow-up of the complex projective plane, CP 2 ♯−CP 2 (also known as the first Hirzebruch surface F 1 ).
Many such manifolds admit a variety of canonical metrics; we list these examples below (see section 3 for more detailed descriptions):
(1) A non-Kähler, Einstein metric with fibre-wise Z 2 -symmetry, due to Page [11] , Bérard-Bergery [1] and Wang and Wang [15] . (2) A non-Kähler, Einstein metric with no Z 2 -symmetry, due to Wang and Wang [15] . (3) A shrinking gradient Kähler-Ricci soliton, due to Koiso [9] , Cao [2] , Chave and Valent [4] and Dancer and Wang [5] . Recently Lü, Page and Pope [10] and the author [7] also produced examples of quasiEinstein metrics on these manifolds. These are not themselves fixed points of the flow but form the base of warped product Einstein metrics. Hence it is also interesting to consider the evolution of the geometry of the products M × F under the Ricci flow.
Motivation for this work comes from calculations done on the entropy of 4-manifold geometries by Cao, Hamilton and Ilmanen [3] and the author [6] . The behaviour of the Kähler-Ricci flow on projective bundles has been investigated [14] where it is shown that the flow shrinks the CP 1 fibres. The behaviour of the Ricci flow is far more complicated and this work allows a very rough picture to develop of the evolution of the geometry on the manifolds investigated. The author is not aware of any work that explicitly constructs a flow between any of the canonical metrics on these manifolds. This work suggests sensible metrics to try and connect with Ricci flows.
As we will discuss in section 3, the ansatz for each of the canonical metrics is essentially determined by a single numerical parameter. A secondary contribution of this paper is to collect these ansatz and parameters together in one place so that one could easily use these metrics to test other properties and conjectures about Einstein metrics and Ricci solitons.
1.2. Results. After describing the ansatz for each family of metrics and discussing how to calculate the entropy, we give a detailed study of four different manifolds. The first is the non-trivial CP 1 -bundle over CP 1 . This manifold admits the Einstein metric of type (1) (originally due to Page [11] ), a Kähler-Ricci soliton of type (3) (originally due to Koiso [9] and Cao [2] ) and quasi-Einstein metrics (due to Lü, Page and Pope [10] ). The next two manifolds are non-trivial CP 1 -bundle over CP 2 . They both admit metrics of type (1), (3) and quasi-Einstein metrics. The final example is a non-trivial
This manifold admits metrics of types (1), (2) and (3) as well as two non-isometric families of quasi-Einstein metrics.
We refer the reader to section 5 for detailed numerical results but we can summarize some of the findings here:
• The Einstein metrics with Z 2 fibre-wise symmetry have the lowest entropy in each case.
• We exhibit warped product Einstein manifolds where the warped Einstein metrics have both lower and higher entropy than ordinary product solitons.
• We recover through the entropy, the convergence of the quasi-Einstein metrics to the Kähler-Ricci soliton. The second finding is slightly unexpected. Roughly speaking, the Ricci flow is expected to 'break apart' manifolds and flowing from a product metric towards a non-product metric is contrary to this behaviour. One might wonder whether warped product metrics could ever be stable (attracting) as fixed points of the flow (stable metrics tend to have higher entropies).
The remainder of the paper is structured as follows. In section 2 we give some background on the Ricci flow and Perelman's entropy. In section 3 we give the ansatz for each type of metric we consider in this paper. In section 4 we relate the ansatz to the calculation of Perelman's entropy. Finally, in section 5 we give detailed numerical results on the four manifolds described above. A Ricci soliton is a complete Riemannian manifold (M, g) and a vector field X that satisfy
for some constant τ . In the case that the vector field X = ∇f for a smooth function f (defiined up to a constant), we obtain a gradient Ricci soliton that satisfies
In this article we shall be interested in solitons with τ > 0 which are referred to as shrinking Ricci solitons (or shrinkers). We note that if the function f is constant in equation (2.3) then we recover the definition of an Einstein metric with positive scalar curvature, Einstein metrics are therefore referred to as trivial Ricci solitons. A Ricci soliton evolves under the Ricci flow (2.1) by simultaneous scaling and the one parameter family of diffeomorphisms generated by the vector field X. Hence one does not consider the underlying geometry of the manifold to be changing and they are regarded as fixed points of the Ricci flow.
Quasi-Einstein metrics and warped products.
A quasi-Einstein metric is a complete Riemannian manifold (M, g) that satisfies
for a smooth function f and constants m > 0 and τ . Again if the function f is constant we recover the notion of an Einstein metric. Also, formally letting m → ∞ we recover the gradient Ricci soliton equation (2.3).
Given a pair of Riemannian manifolds (B, g) and (F, h) and a smooth function f : B → R, the warped product metric is a Riemannian metric g ⊕ e 2f h on the product manifold
F h, where π B and π F are the obvious projections from the product B × F onto each factor. We will use the shorthand B × f F to denote a warped product as described above. Warped products are related to quasi-Einstein metrics in the following manner:
]). A Riemannian manifold (M, g) and a positive integer m satisfy the quasi-Einstein condition (2.4) if and only if M × f F m is an Einstein metric, where (F m , h) is an Einstein metric with Einstein constant µ satisfying
Perelman [12] defined the following function called the W-entropy. Let (M n , g) be a compact Riemannian manifold, f be a smooth function and τ > 0 a constant. Then the W-entropy is given by
where R is the scalar curvature of the metric g. Using this functional one can define the ν-functional as the infimum over compatible pairs (f, τ )
It can be shown, following the work of Rothaus [13] , that for any metric g this infimum is achieved by a pair (f, τ ) satisfying the equations
The main utility of this functional is the following: In particular, if g is a gradient Ricci soliton, the function f in equation (2.3) is the one that achieves the infimum in the definition of the ν-entropy. Hence we have the following formula for the ν(g)-entropy of a Ricci soliton.
In the case when g is Einstein (i.e. f is constant), the ν-entropy is given by the simple formula
If (M 1 , g 1 ) and (M 2 , g 2 ) are both Ricci solitons with the same constant 1/2τ then the product metric g 1 ⊕ g 2 is also a soliton with constant 1/2τ on M 1 × M 2 . The ν-entropy is additive in this case so
Ansatz for the hypersurface families
The examples of canonical metrics studied in this article are constructed on equidistant hypersurface families. Let (V Let θ be the principal U (1) connection on P q with curvature Ω = i=r i=1 q i π * i η i where η i is the Kähler form of the metric h i . We consider metrics of the form 
and the β i to be positive onĪ. In order to construct the various different metrics we first factor out homothety by setting τ = 1 for the remainder of this paper.
3.1. The Wang-Wang Einstein metrics with fibre-wise Z 2 -symmetry. The metrics here are given by Theorem 1.4 in [15] . We will be interested in the lift of these Einstein metrics to the covering CP 1 -bundle which yield Hermitian, non-Kähler, Einstein metrics with fibre-wise Z 2 -symmetry. The only condition we require for existence in this case is 0 < |q i | < p i . The functions α and β i are given by:
The constants A i and R > 0 satisfy
Given a particular value of R one choses the negative root of the quadratic determined by the above condition to yield A i . The constant R is determined by requiring α ′ (R) = 0.
The Wang-Wang Einstein metrics.
The precise existence theorem covering this case is Theorem 1.2 in [15] . Here the assumptions are 0 < |q i | < p i and that for some choice of (ǫ 1 , ..., ǫ r ) with ǫ i = ±1 and at least one ǫ i = 1, the integral
This a fortiori implies that r > 1. The functions α and β i have the form
Here the constants satisfy
If the ǫ i = 1 in (3.2) then one takes the positive root of the quadratic to yield A i . If ǫ i = −1 then one takes the negative root. The constant κ 0 is determined by the requirement that α(4) = 0.
Kähler-Ricci solitons.
Here the precise existence theorem is Proposition 4.25 in [5] . The ansatz is given by:
The soliton potential function is given by
The constants σ i , κ 0 and κ 1 satisfy the consistency conditions
where C is a constant that reflects the fact one can choose an arbitrary value of f . The constant κ 1 is determined by the requirement α(4) = 0. We will only be interested in the case when κ 1 = 0 as these correspond to non-trivial Kähler-Ricci solitons.
3.4. Quasi-Einstein metrics. The precise existence theorem covering this case is Theorem 3 in [7] . Here the conditions for existence are 0 < |q i | < p i and that for some choice of (ǫ 1 , ..., ǫ r ) with ǫ i = ±1, the integral
In this case the interval I = (0, 4) and the functions α and β i have the form
where A i , κ 0 and E * are all constants. The function f in equation (2.4) is given by
for a constant κ 1 . The constants satisfy the consistency conditions
where µ is the constant appearing in (2.5). As with the Wang-Wang Einstein metrics, the sign for each A i is determined by the sign of ǫ i appearing in the integral (3.3). The constant κ 0 can be determined by requiring
Entropy Calculations

Entropy for Einstein metrics.
The value of ν(g) for an Einstein manifold (M, g) with Einstein constant 1/2τ is given by
4.2. Entropy for Kähler-Ricci solitons. In this case we can find a reasonably explicit formula for the entropy. 
The entropy of the soliton is given by
Proof. The constant C in the consistency condition can be determined by the requirement (4π)
which translates into
The constant κ 1 is determined by requiring
This can be rewritten as
4.3. Entropy for warped product Einstein metrics. Recall that a quasi-Einstein metric (M n , g, f ) solving (2.4) and an Einstein manifold (F m , h µ ), scaled so that the Einstein constant µ is given by equation (2.5), yield a warped product Einstein manifold M × e −f /m F with Einstein constant 1/2τ . The ν-entropy is given by the following: Proposition 4.2. Let (M n , g, f, m) be a quasi-Einstein metric described in subsection 3.4 with m ∈ N (m ≥ 2) and let (F m , h) be an Einstein metric. Then the ν-entropy of the warped product metric M × e −f /m F is given by
) is the volume of F with the Einstein metric scaled to have Einstein constant 1/2τ . Proof. Formula (4.1) yields
The volume V ol(M × e −f /m F ) is given by
So if we consider the volume of F when the metric h is scaled to have Einstein constant 1/2τ , we have
Recalling the ansatz for the quasi-Einstein metrics
Recalling also the consistency condition E * = µ/κ 2 1 we can rewrite this as
where
, this completes the proof.
From this ν-entropy of the warped product metric we can subtract
and this allows us to interpret the remaining quantity as an entropy for the base quasiEinstein metric g. In particular as the ν-entropy is additive it allows one to order the warped product metric within the product metrics. It is important to remark that this normalised quantity is not necessarily the true ν-entropy of g and it would be interesting to see how it compares.
4.4. Numerical integration. As the numerical results show, the differences in entropies for various metrics are often only detected at quite a number of decimal places.
We have written various routines in C++ to evaluate the integrals. We find that the Simpson 3/8 integration scheme with 1500 steps yields satisfactory results. The values of the various constants determining the metrics (R, κ 0 , ...,etc) are given to as many decimal places as needed for the entropy to converge to an unchanging value.
Results
In this section we present the numerical investigations for various manifolds. In the Metric column we describe the type of metric (KRS = Kähler-Ricci soliton, QE = quasiEinstein), in the Data column we give the numerical value of the particular constant that determines the metric (see section 3) and obviously the ν column gives the value of the ν-entropy. The value for quasi-Einstein metrics is the adaptation of the ν-entropy as described above.
5.1. The manifold CP 1 → CP 1 . The manifold CP 1 → CP 1 corresponds to data r = 1, n 1 = 1, p 1 = 2 and q = −1. The Fubini-Study Einstein metric on the base CP 1 is normalised so that its volume is 2π. There is a Z 2 -invariant metric on this manifold due to Page and a Kähler-Ricci soliton due independently to Koiso and Cao. There are also quasi-Einstein metrics due to Lü, Page and Pope for all m > 1.
Metric
Data ν QE m = 2 ǫ 1 = −1, κ 0 = 8.83536 log 3.826565e −2 QE m = 3 ǫ 1 = −1, κ 0 = 12.76421 log 3.826559e −2 QE m = 4 ǫ 1 = −1, κ 0 = 16.63595 log 3.826557e −2 QE m = 5 ǫ 1 = −1, κ 0 = 20.48007 log 3.826555e −2 KRS κ 1 = 0.26381 log 3.826552e −2 Einstein (Z 2 ) R = 2.10308 log 3.821379e −2 Table 1 : Data and ν-entropy for r = 1, n 1 = 1, q 1 = −1. We note that the calculation of the ν-entropy for the Einstein and soliton metrics agrees with the values given in [3] and [6] .
The manifold CP
1 → CP 2 (q = −1). The manifold CP 1 → CP 2 is described by the data r = 1, n 1 = 2, p 1 = 3, q = −1. The volume of the Fubini-Study metric h on CP 2 is 2π 2 when Ric(h) = 3h. Table 2 : Data and ν-entropy for r = 1, n 1 = 2, q 1 = −1.
1 → CP 2 (q = −2). The manifold CP 1 → CP 2 is described by the data r = 1, n 1 = 2, p 1 = 3, q = −2. The volume of the Fubini-Study metric h on CP 2 is 2π 2 when Ric(h) = 3h.
.262220 log 7.673249e −3 KRS κ 1 = 0.735304 log 7.672742e −3 Einstein (Z 2 ) R = 2.494993 log 7.520268e −3 Table 3 : Data and ν-entropy for r = 1, n 1 = 2, q 1 = −2. The values of q in the above examples determine the Euler class of the principal U (1)-bundle P q . Another way this appears in the topology of the manifolds is by giving the cohomology rings H * (CP 1 → CP 2 (q); Z) different multiplicative structures. The fact that the q = −2 examples have lower entropies could suggest that the Ricci flow is moving towards the q = −1 bundle. It would be interesting to prove that this was a general phenomenon (that lower values of |q| have higher entropy for an arbitrary base).
Whether this change in topology could manifest itself in terms of singularity formation, rescaling and surgery is a challenging future direction for investigation.
1 → CP 1 × CP 2 . The manifold CP 1 -bundle over CP 1 × CP 2 is given by data r = 2, n 1 = 1, n 2 = 2, p 1 = 2, p 2 = 3, q 1 = −1, q 2 = −1. The manifold admits an Einstein metric with Z 2 fibre-wise symmetry, an Einstein metric without Z 2 symmetry, a Kähler-Ricci soliton, and two families of quasi-Einstein metrics. Table 4 : Data and ν-entropy for r = 2, n 1 = 1, n 2 = 2, p 1 = 2, p 2 = 3, q 1 = −1, q 2 = −1.
Metric
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